We generalize the clockwork theory in several directions. First, we consider beyond nearest neighbors interactions. Considering such interactions keeps a larger subgroup of the original U(1) N +1 unbroken and can allow for different symmetry breaking patterns. We recover the original clockwork scenario in the presence of these additional interactions. In such case, the masses of the massive modes change, but a single massless mode remains intact. Such interactions are naturally interpreted as higher derivative terms from the point of view of extra dimensions. Second, we generalize the clockwork shift symmetry to non-abelian global groups.
Introduction
Clockwork Theory (CW) has been proposed as a mechanism of generating light particles with suppressed interactions, while no small parameters exist in the UV theory, [1] [2] [3] . An earlier incarnation is actually in the context of having a superplanckian axion decay constant in Natural Inflation models, in the case of many sites [4] , or simple two sites case, [5] [6] [7] . Given that a large portion of contemporary theoretical physics involves generation of small/large numbers from O(1) numbers in a 'natural' way, several new applications of the idea have been suggested, like a clockwork WIMP [8] , clockwork Inflation [9] , clockwork composite Higgs [10] , photophilic QCD axion [11] , and a solution to the hierarchy problem, [3] .
The basic framework considers N + 1 complex scalar fields with global U(1) N +1 symmetry.
The symmetry is explicitly broken by 'nearest neighbors' interaction to a single U(1) CW . Thus,
we have a 'theory lattice', where each scalar is sitting on a different site and interacts only with its nearest neighbors. In such case, there is a single massless mode, where its overlap with the j-th site goes like ∼ q −j , q > 1. Hence, if we couple "matter fields" to the N-th site, the massless mode coupling to these matter fields is suppressed by q −N . The idea can be implemented for scalars, fermions, gauge fields and gravitons (at least at the linear level). In all cases a massless particle remains while the other N have a rather dense mass spectrum, all around the fundamental scale of the theory. In [3] , it was suggested that such a framework may come from deconstructing a 5D scalar, potentially coming from 'Little String Theory'. A recent analysis in [12] has shown that the CW phenomenon is purely abelian, and cannot come from purely geometric extra-dimensional effects. However, see the response [13] . A rather interesting suggestion is discarding the use of elementary scalar fields and deriving a 'clockworked' behavior from a sequence of strongly coupled sectors [14] .
To avoid obscurity, our definition of the clockwork is the following: Considering a theory with N + 1 fields, charged under a G N +1 symmetry group with charge q, a 'clockwork' term is turned on leaving a residual G symmetry and a massless mode, such that its overlap with the N massive modes behaves as q −j for the j-th field.
Beauty is in the eye of the beholder, and considering multiple fields to explain hierarchies is neither very elegant nor extremely new. The usefulness of CW lies in a natural generation of hierarchy, that goes as ∼ q N rather than ∼ N in a theory whose fundamental parameters are of similar size. In this note, we offer several simple generalizations and observations that may be useful for Particle Physics phenomenology and Cosmology. Both areas riddled with hierarchy problems.
The purpose of these generalizations is two-fold. First, understanding in what applications can we apply the CW mechanism in a useful way, that might be tested by observations. Second, what is the UV theory that generates CW behavior.
First, using effective field theory as a guiding principle, nothing forbids additional interactions of the CW mechanism beyond nearest neighbors interactions. We shall demonstrate that interactions of k neighbors results in a residual symmetry group of U(1) k . The low energy theory will have k massless modes. These interactions will show up and modify the mass spectrum of the massive fields in the original CW scenario predicting a rather different phenomenology.
For example, in the original CW scenario of complex scalar fields, the masses of the radial fields that get a VEV ∼ f is parametrically larger than the massive axions ∼ √ ǫf q, where ǫ is a small coupling constant controlling the CW behavior and q some small integer. By going beyond nearest neighbors, the axions now have a mass of ∼ √ ǫf q k , where k is the number of neighbors each site couples to. So in this setting, the massive axions can easily have the same mass as the radial mode, or even an 'inverted hierarchy' where the axions are heavier than the radial modes, while ǫ remains small. In such case, one must keep the full non-perturbative cosine potential for the axions for consistent phenomenology. Additionally, the SM and its extensions have multiple (sometimes anomalous) U(1) global symmetries. By going beyond nearest neighbors we can accommodate such symmetries in a straight forward way.
Considering the UV theory, we show that these beyond nearest neighbors interactions correspond to higher order derivatives in a 5D picture in section 3. In section 4, we generalize the CW mechanism to non-abelian global groups, and specifically to the O(N) vector model. Second, the CW has been realized in the supersymmetric context in [1] . The idea is to get CW with SUSY vacuum, from which one can start model building by breaking SUSY. We discuss the supersymmetric CW in section 5, and try to embed it in supergravity (SUGRA).
The SUGRA behavior turns out to be very different than the global SUSY case. An immediate generalization to supergravity (SUGRA) with canonical Kähler potential, preserves the U(1) CW , but gives VEVs to additional fields, yielding an AdS supesymmetric vacuum. The AdS minimum is controlled by the CW coupling. The vacuum is lifted to a Minkowski SUSY vacuum by adding a constant term to the superpotential.
Alternatively, using a stabilizer field leads to N flat directions or CW that its energy scale is parametrically the cosmological constant. Instead, we offer a shift symmetric CW superpotential such that the resulting F-term scalar potential has the CW form with SUSY Minkowski minimum.
Third, to diminish the arbitrariness in invoking N + 1 scalar fields, one can view the CW as discretizing an extra dimension [3] . In the continuum limit, the theory behaves as a linear dilaton coming from Little String Theory, [15] [16] [17] . This allows the extra dimension to be warped. However, contrary to the Randall-Sundrum case where the warping is exponential, here the warping is polynomial. Thus, for the correct Planck mass, and a new physics scale at 10 T eV the proper size of the extra dimension is considerably larger, at the nanometer level [17] . Up to now, the residual CW U(1) was explicitly broken by some operator, usually coupling the Nth field to some different sector of the theory, for example the SM making the framework "technically natural". It is interesting to consider whether the explicit breaking of the CW symmetry can arise naturally, rather than adding it by hand according to the problem one wishes to solve. In such case the theory will not be "technically natural", but simply "natural" since all the couplings and scales will be determined by the UV theory. Therefore, in section 6, after reviewing the 5D picture we conformally couple the 5D free scalar field to the Ricci scalar and/or add a mass term, that provide an explicit breaking term to the CW symmetry. Upon discretization the coupling to the Ricci scalar makes the massless mode tachyonic, while the 5D mass term obviously gives a positive mass to the massless mode. We suggest a conformal coupling of the clockwork to a positively curved 5D manifold. We find similar mass scales, but now the CW charges q become site-dependent, q j . The conformal coupling to gravity gives a positive mass term to the massless CW mode. Finally, we conclude.
The outcome of these simple generalizations is a mixed blessing. On the one hand, from a lattice point of view the CW idea can be generalized to any number of neighbors and to global non-abelian symmetry groups. On the other hand, our investigation shows that CW is a rather delicate phenomena, and its embedding in SUGRA or beyond a free scalar field in 5D
is problematic. The UV origin of CW theory is therefore obscure.
2 Generalization of the Clockwork Mechanism
Review of the Clockwork Mechanism
The original clockwork considers N +1 complex scalars, φ j , where j = 0, 1, · · · N with canonical kinetic terms, and a potential:
When ǫ → 0 we have a global U(1) N +1 symmetry. Turning on ǫ ≪ λ < 1 breaks this symmetry to a U(1). Under the remaining U(1), the fields have charges 3 −j . We expand around the vacuum of the spontaneously broken theory |φ j | 2 = f 2 ≡ 2m 2 /λ , ∀j. Below the breaking scale √ λf , we have a theory of N + 1 goldstone bosons with U j = e iπ j (x)/f and j = 0, · · · N:
(2.1) corresponds to q = 3, but the Us are dimensionless, so we can consider any q, as is done in [3] , and m 2 = 2ǫf 2 . In general, one can assign different masses m j and different charges q j to each site. In terms of the low energy effective theory of the pions we have canonical kinetic terms and the following potential:
The theory is invariant under the shift symmetry π j → π j + r/q j , where r ∈ R.
The mass matrix M 2 π is given by
Diagonalizing the mass matrix gives one massless mode and N massive modes with successive mass splittings:
where the interaction basis π j and mass basis a j are related by:
The rotation matrix and normalization are given by:
O j0 is the amount the of the massless mode a 0 contained in each pion π j . Because O j0 ∼ q −j it becomes smaller by a factor of q as we move away in j. Thus, the overlap with the last site, the Nth one, is exponentially suppressed. By coupling a theory like the Standard Model to the Nth site, we get an exponentially enhanced decay constant for the Goldstone interactions (with a 0 ), i.e. a scale exponentially larger than the scale of spontaneous symmetry breaking f :
To summarize in the original CW model, before coupling to the sector to the SM, one has a residual U(1), a massless goldstone mode with eigenvector O j0 ∼ q −j , massive axions with masses m 2 a k ∼ ǫf 2 q 2 and massive radial modes with masses m 2 r k ∼ f 2 , parametrically heavier than the axions. Both the masses of the radial modes and axions are densely spaced.
Generalization of the Clockwork Mechanism Beyond Nearest Neighbors
As an effective field theory, there is no reason to limit ourselves to nearest neighbors interactions as in (2.2), since many additional interactions still respect the U(1) symmetry. One must take these interactions into account in a consistent way. 1 We expect these additional interactions to modify the resulting phenomenology. Indeed, the coupling to beyond nearest neighbors changes the symmetry structure of the theory and its spectrum in an interesting manner.
1 If we wish to follow the original discussion of a renormalizable theory in (2.1), we can still consider tree level interactions of the sort φ † j φ j+1 φ 2 j+2 + h.c. Upon diagonalization, we will still have a massless mode with the overlap of the last site behaving as 2
Let us start by considering interactions between each site to the next to nearest neighbors.
The potential with such couplings will look like:
Notice that since we couple each site to the two consecutive sites, we have to truncate the sum at N − 2 instead of N − 1. Considering again the pions gives:
Each term in the potential, is invariant under the transformation π j → π j + α j if:
for integer j, and integer ℓ. The original clockwork idea is the particular case of p = 0.
Obviously, we have here a two dimensional space, spanned by α j+1 , α j+2 and as expected, we have U(1) 2 residual symmetry, instead of U(1). We also have two massless modes. To recover the clockwork behavior we choose q =q/2 and p =q 2 /2, then the potential will be made of
. Let us drop the tildes. In such case the original clockwork symmetry is conserved: π j → π j + 1/q j , and there is an additional U(1) symmetry.
Diagonalizing the mass matrix will give two massless states, one of which is the clockwork with
A straightforward check shows that a second massless eigenstate is given by an alternating vector:
However, such a vector is not orthogonal to the original clockwork mode. We orthogonalize the system using the Gram-Schmidt procedure that gives (no summation):
(2.14)
There are N − 1 massive states that can also be brought to the desired orthonormal form by the Gram-Schmidt procedure. Their mass will be dominated by q 4 terms rather than q 2 in the original clockwork. The exact expression for the masses and eigenvectors can be obtained by recursion relations. However, it requires the analytical solution of a fourth order polynomial.
While such a solution exists, it is not illuminating to write it down. Coupling more and more neighbors will generate a polynomial of degree larger than four, that does not have an analytical general solution. Even without an analytical expression for the massive modes, the massless mode and the essence of the CW mechanism exists with the q −j overlap.
The generalization to any number of neighbors interactions is straightforward. Considering n nearest neighbors interactions, the lagrangian will look like:
For n nearest neighbors interactions we will preserve n symmetries and the conserved symmetry group will be some U(1) n . Such a generalization allows for various breaking patterns, not necessarily reaching the U(1) of the clockwork type. If we wish to maintain the same clockwork behavior of α j+1 /α j ∼ q −1 , then coupling to further neighbors makes the other massless eigenstates expression cumbersome. It requires the simultaneous solution of:
where n is the number of neighbors that are coupled. Such recursive equations generate higher and higher polynomial equation for α 0 , α 1 , that for n ≥ 6 do not have a general analytic solution. Analyzing the spectrum of the theory, we see a qualitatively different behavior. For n nearest neighbors interactions, we have U(1) n symmetry, n massless modes, and a different tower of massive modes. While the radial modes maintain their mass spectrum of m
the axions' mass spectrum behaves as m
Thus, depending on q, n, the axions can be as heavy as the radial modes or even heavier, if ǫq 2n /n 2 ≫ 1, generating an 'inverted hierarchy'.
Alternatively, if we wish to write the most general lagrangian that preserves only the original clockwork symmetry, we can add all possible neighbors interactions of this type. Thus, the full clockwork lagrangian is actually:
In this lagrangian all the U(1) symmetries except the original clockwork are broken, and a massless mode still remains and the component at each successive site remains [11] . Moreover, it predicts that apart from the CW goldstone boson, the radial modes will be easier to produce in a collider compared to the axions from energy considerations. Of course such behavior means that the full 'cosine' potential has to be taken into account, and the approximation of treating the axions as massive fields with small interactions is inappropriate.
3 Extra Dimension Interpretation
Alternating Sign
Considering the CW theory from a 5D point of view, we cannot reproduce neither the full (2.1) nor (2.2). We can however get the mass matrix (2.4) by considering a massless free scalar field in 5D, [3] . We would like to give the generalized clockwork mechanism an extra dimensional interpretation. We therefore introduce alternating signs to the potential and the symmetry.
This way, after discretizing the extra dimension, higher derivatives in 5D naturally correspond to couplings beyond nearest neighbors. Without the alternating sign, we will still have couplings beyond nearest neighbors, but we will also have to add additional lower order derivatives to get the correct result. The symmetry and potential are now:
Diagonalizing the mass matrix will give two massless states, one of which is the clockwork with O j0 = N 0 /(−q) j and N −1 massive states, again with the masses distributed with ∆m/m a ∼ 1.
The second massless state is simply taking q → −q in (2.14), O j1 =
. This can again be generalized to any number of neighbors n yielding:
Lifting back to the U j s is trivial:
Again, for n nearest neighbors interaction, we have a residual U(1) n symmetry, and we can further break it with different breaking patterns. If we wish to maintain only the clockwork shift symmetry, we can again sum all neighbors interactions:
The generalization provided here and in the previous section can be applied in a straightforward manner to gauge bosons and gravitons at the linear level, as was done in [3] .
Higher Derivatives in the Extra Dimension
Coupling to next to nearest neighbors is a nonlocal interaction, and in the continuum language where N → ∞, we expect higher order derivatives. Indeed, considering a scalar in 5D, coupling to two consecutive neighbors will correspond to a (∂ 2 y φ) 2 , and coupling to n neighbors to (∂
where y is the extra dimension.
To see this, let's rewrite a more general form of the clockwork lagrangian with two nearest neighbors interaction: 
Dimensional analysis requires that the higher derivative term will be suppressed by some dimensionful parameter, like Λ −2 . Due to the explicit appearance of only ∂ Performing a field redefinition to get canonical kinetic terms we get:
where prime denotes a derivative w.r.t y. Let us discretize the extra dimension with lattice spacing a, such that πR = Na and use the notation F j = F (ja), where F = X, Y, φ and j runs from zero to N. The original clockwork scenario comprises of the first terms in the action, provided that we identify:
Discretizing the new term gives:
2 An equivalent result is obtained by considering,
In such case one has the "correct" two powers of the inverse metric, but the action is still not Lorentz invariant in the full 5D spacetime, and considering a Lorentz invariant action will include higher derivative terms in the 4D equations of motion, as well as introducing site dependence to the clockwork parameters.
where
. Requiring the deconstruction to be independent of the specific site, enforces v j+2 = q −2 j , thence:
So to recover (3.6), we demand β 1 = 2, β 2 = 1. The "mass" parameter here is different than the original clockwork scenario, (M (2) )
but it is just an overall shift.
The massless mode remains massless. Notice that no new charges have been introduced, and therefore the solutions for X, Y , giving site independent charges q and masses m for the nearest neighbors interaction are similar to the original proposal [3] 3 :
The next to nearest neighbors interaction gets a similar mass term of the form:
One may wonder whether other interesting solutions exist rather than trying to reproduce the original clockwork.
O(N) Clockwork
The clockwork mechanism can be implemented for multiple copies of O(N) models and within a single O(N) model as well. Consider M + 1 copies of O(N) models: 
Linear Sigma Model
The original clockwork discusses the breaking of U(1) N after spontaneous symmetry breaking.
We now generalize it to M + 1 copies of O(N) models in the broken phase. Consider M + 1 copies of O(N) models:
Notice that here, the shift symmetry from the previous paragraph is gone. We use the conventional parametrization where the Nth field gets a vev v i :
For simplicity, we took all the vevs to be the same. −j . This is because we can write the quadratic term as follows:
where each entry in the matrix corresponds to a vector of length N. The eigenvalues of such a matrix will be the same as the clockwork, with a massless O(N − 1) vector.
Considering a global O(N) symmetry, one can still have exponential seclusion of the massless mode, unlike the gauge symmetry result reported in [12] . Considering, for instance,
the massless mode coupling will behave as
5 Clockwork SUGRA
Canonical Kähler Potential
Clockwork mechanism in global SUSY has been suggested in [1] . Considering 3(N + 1) chiral superfields S j , Φ j ,Φ j . For q = 2 one can write down the renormalizeable superpotential:
Taking ǫ → 0 reveals a U(1) N +1 global symmetry. Turning on ǫ breaks these symmetries into a single U(1) with hierarchical charges with S j being neutral, Φ j a charge of 2 −j andΦ j with charge −(2) −j . It is interesting to note, that taking λ → 0, produces two U(1) symmetries, unlike the non-supersymmetric case, where there is only a single U(1) [11] . The requirement for a SUSY minimum W i = 0 for all chiral superfields gives the vev Φ jΦj = v 2 , S j = 0, and masses are generated, while SUSY is conserved. The low energy theory below the scale λv can then be parameterized as Φ j = ve Π j /v ,Φ j = ve −Π j /v , yielding:
Notice, that we still have a Minkowski SUSY minimum.
The simplest generalization to SUGRA is straightforward. Throughout this section, we consider the Planck mass to be unity. Consider a canonical Kähler potential
The Kähler potential K is invariant under the same U(1) N +1 as the superpotential for ǫ → 0 case, as well as additional U(1) for each chiral superfield, to a total of U (1) 3(N +1) .
The F-term scalar potential reads:
The requirement for a supersymmetric minimum is now changed to D i W = 0 for all chiral superfields (no summation):
K, W are invariant on interchangingΦ j and Φ j , so we just consider the fields without the tilde.
Considering the case of ǫ → 0, it is clear that the only supersymmetric minimum is that of global SUSY with W i = W = 0 at the minimum and < S j >= 0, < Φ jΦj >= v 2 . We now need to check whether the different terms in the scalar potential are still invariant under the clockwork U(1). Since the Kähler potential K and the superpotential W are invariant, and the Kähler metric is a unit metric, we just need to check the Kähler derivative. The S j Kähler derivative is invariant. Regarding the Φ j :
Thus the entire scalar potential and kinetic terms are invariant under the clockwork symmetry.
Let us now consider the ǫ = 0 case in (5.1). First, let us look for a global SUSY minimum, i.e.
Substituting this vev into (5.5) shows that vanishing S j is not a solution anymore. Rather, < S 0 >= −ǫv/λ, < S N >= −2ǫv/λ, < S j >= −3ǫv/λ, ∀j = 0, N. Substituting these vevs into W we get W = 0, so we have a contradiction.
However, this can readily be fixed. Consider adding a constant term to the superpotential:
The purpose of the additional constant w 0 is to make sure that W = 0 at the supersymmetric minimum, thus ensuring a global SUSY solution. Demanding W i = W = 0 for the SUSY minimum for all chiral superfields gives Φ i =Φ i = v. The S i now receive non-zero vevs:
This fixes the constant w 0 to be w 0 = −2Nǫv 3 . Thus, we have trivially generalized the CW scenario to SUGRA at the price of adding an arbitrary tuned constant w 0 to the superpotential W . This constant w 0 is parametrically the same as the CW term.
Pursuing such phenomenology is viable, but hinges on the exact value of w 0 , whatever its origin is [18, 19] . It makes sense to consider alternatives that do not rely on w 0 , which we turn to next.
Shift Symmetric Kähler Potential
Shift symmetries in the Kähler potential are abundant in SUGRA constructions, especially in the inflationary literature, [20] [21] [22] . A possible construction is by using a so-called "stabilizer"
field, eloquently explained in [21] . Consider a superpotential and Kähler potential of the form:
In such case, we have a Minkowski SUSY vacuum at S = f (Φ i ) = 0, the kinetic terms of the fields are canonical and the potential at S = ℜ(Φ i ) = 0 is simply:
Hence, by choosing the function f to have only arguments of the form f = f (Φ i − qΦ i+1 ), we can have potentials that manifestly have the shift symmetry of
The structure of the vacuum in this case is rather generic. Assuming a Minkowski vacuum,
In such a case, at the extremum V i = 2f f i = 0, and thus the mass matrix at the vacuum becomes:
In such case we do not have one flat direction but N flat directions! Hence, there is no hierarchy generated between a single massless mode and N massive states. We can uplift these N flat directions by explicitly breaking SUSY using another CW coupling:
where p is the new CW charge, and ǫ ≪ 1 is a small SUSY breaking parameter giving us finally, an embedding of CW in SUGRA. This is of course a fine-tuned construction.
Alternatively, we can have a small CC, such that f | 0 = W 0 . 4 In such case:
Arranging f ij to have positive semi-definite mass matrix is easy, for instance, expanding around the minimum, we can simply take f = W 0 + α(Φ i − qΦ i+1 ) 2 , so we have a massless CW mode and N massive states, according to (2.5)
However, as we can see the mass is related to the CC Λ 4 ∼ W 2 0 . So the fundamental scale of the CW sector is parametrically connected to the CC.
Shift Symmetric Superpotential
Whereas in 5.1 w 0 was a parameter ensuring a Minkowski SUSY mimimum, in the shift symmetric Kähler potential case, it resulted in an actual CC. Here we try a different approach and for N + 1 chiral superfields consider a manifestly symmetric superpotential of the form:
The superpotential is invariant under the shift symmetry Φ i → Φ i + α i /q i . A Minkowski vacua with W = W i = 0 at the minimum exist for vevs Φ i = q Φ i+1 , with some Φ 0 ≡ v = 0. For any Kähler potential, we shall have the following potential and derivatives [19] :
In the above ∂ i denotes differentiation with respect to a chiral scalar φ i , K i = ∂ i K etc. and
Evaluating these quantities at the vacuum for any Kähler potential gives:
and the only nonzero term is:
where W ij is a matrix exactly of the form (2.4), with m as the mass parameter instead of m 2 .
Hence, for canonical Kähler, the mass matrix for the scalars will be: For other Kähler manifolds, one has to look more carefully at the mass matrix. In the most general case, the canonically normalized mass matrix is [19] :
As before N ij = 0 at the vacuum, while N ij = m To avoid such conclusion, we must manifestly build the CW symmetry into the superpotential W along with a scale m that does not come from a VEV of another chiral superfield.
In such case, we get the correct CW mass matrix for the case of canonical Kähler potential.
Conformal Coupling and Mass Terms in the Extra Dimension
It is interesting to contemplate the possibility of some generic explicit breaking of the residual U(1) symmetry, beyond the direct coupling to the specific sector we are interested in. Such a possibility could come out naturally in the extra dimensional interpretation. Considering again the extra dimensional picture, [3] reproduced the mass matrix of the 4D CW and suggested that the continuum is coming from a linear dilaton model.
Because the main aim of this paper is to generalize CW theory, it makes sense to consider how additional terms in 5D affect the CW structure. Since, we can at most recover the mass matrix of CW, we limit ourselves to terms that are at most quadratic in the 5D scalar field.
A free massless scalar field generated the CW mass matrix (2.4). We therefore expect the additional quadratic terms to generate an explicit breaking of the CW symmetry as desired.
We explore the effect of a conformal coupling to gravity, as the most minimal variation, where conformal symmetry is maintained. 5 Deconstruction will introduce a length scale, the lattice
terms in 4D, but with a judicious choice of parameters, a massless mode can be maintained.
The conformal coupling to gravity makes the CW massless mode tachyonic after discretization.
Adding a 5D mass term can remove the tachyonic instability, restoring zero mass for specific values of the parameters q, k, or generate a positive 4D mass term.
Positively Curved 5D Manifold
The tachyonic generation of mass is due to the negatively curved nature of the 5D manifold.
Considering a positively curved 5D spacetime with constant positive curvature, will give a positive mass term to the massless mode while still maintaining conformal symmetry. Considering again the general ansatz [3] :
with the choice X(y) = Y (y) ≡ e 2f (y) . The action after canonically normalizing the 4D field is:
Conformal symmetry is guaranteed if ξ = 3/8. We would like to get XR 5 ≡ e 2f (y) R 5 ≡ e 2g(z) R 5 = k 2 , for some positive real k, ensuring that the gravity induced mass term upon discretization is positive. Working with the y coordinates, we demand: The metric is well-defined, provided that k < 1/ √ 3R, where πR is the size of the extra dimen- The discretization proceeds in the same manner as before. For minimal coupling to gravity ξ → 0, we have a massless mode, the mass parameter is unchanged but the charges now become site-dependent: Before we conclude, in the above analysis, we have not taken into account effects caused by putting branes in the extra dimension when the continuum limit is discussed, as in [3, 8, 12, 17] .
Such construction can have interesting consequences, and we defer such investigation to future work.
Conclusions
In this note, we have attempted to generalize the clockwork idea in several directions, while Conformal coupling of the CW metric in 5D, makes the massless mode tachyonic upon discretization. This is a generic property of negatively curved 5D manifolds once we canonically normalize the kinetic terms of the scalar field and discretize. A 5D mass term, generically uplifts the massless mode, though for certain value of parameters the masslessness can be restored.
This conclusion is valid also in the presence of conformal coupling to gravity in negatively curved 5D manifolds. Finally, with a positively curved 5D manifold, one can generate mass for the CW massless mode, but then the charges of the CW scalars become site-dependent.
All in all, it seems we have only started to unravel the various possibilities of the clockwork mechanism.
